For the problem of large elastic compression of a finite rectangular rubber block which has bonded metal plates to its upper and lower surfaces, a new load-deflection relation is derived assuming an isotropic incompressible Mooney material and that the pointwise vanishing of the stress on the free faces can be replaced by the vanishing of the force resultant on these faces. The load-deflection relation so obtained is derived from a fully three-dimensional deformation which is a generalization of a plane-strain deformation given previously for infinitely long rectangular rubber pads. The 'finite' and 'infinite' load-deflection relations are compared with experimental results and with that predicted by the conventional engineering approximation deduced from the so-called 'shape-factor' method.
Introduction
THE problems arising from large elastic deformations of finite rectangular rubber blocks are still important and relevant both to the construction engineer, who utilizes such devices in bridges for example, and to the manufacturer of rubber engineering components, both of whom need to predict accurately their in situ mechanical performance. Typically such devices have bonded metal plates on their upper and lower surfaces and the three principal deformation modes of most concern are compression, shearing and tilting (rotational) which are effected by fixing the lower metal plate and applying forces or moments to the upper plate as indicated in Fig.  1 . In this paper we consider the problem of large elastic compression of bonded finite rectangular blocks of rubber which is assumed to be the isotropic incompressible perfectly elastic Mooney material.
Since the problem involves finite deformations there is no exact solution and much of the engineering literature is based on load-deflection relations of the type emanating from the linear theory of elasticity but couched in terms of the 'shape factor' 5 which is defined by one loaded area force-free area and incorporating an 'apparent Young's modulus' E a which varies with 5. where F is the applied force, frequently provides a surprisingly accurate description of the actual behaviour of bonded rubber blocks. Such analysis has no rational or continuum mechanical basis and its apparent success derives from the fact that the assumed relations are fudged to fit experimental results. For many engineering purposes such a superficial analysis may be perfectly adequate. However, it only conveys reasonably accurate information about the force-deflection relation which is a macroscopic property of the block. It provides no information whatsoever on the pointwise variation of stresses and deformation throughout the block. Further, the extension to slightly more sophisticated problems is by no means obvious and depends upon whether there already exists a substantial body of experimental results on the problem. Thus although the shapefactor approach by no means describes the whole story, it must nevertheless be compared and considered in the context of any new proposed forcedeflection relation. For the shape-factor approach and the engineering literature relating to this method we refer the reader to Gent and Lindley (1) . In order to provide a rational framework for the derivation of loaddeflection relations, KJingbeil and Shield (2) produced an approximate solution for infinitely long rectangular blocks assuming firstly that material planes Y = constant are mapped into planes y = constant (see Fig. 2 ) and secondly that the pointwise requirement of zero stress on the free surfaces is replaced by the vanishing of resultant forces on these surfaces. Accordingly for the isotropic incompressible perfectly elastic Mooney material, Klingbeil and Shield (2) exploited solutions of the form
where (X, Y, Z) and (x, y, z) denote material and spatial rectangular Cartesian coordinates respectively. Further, f(Y) and g(Y) denote functions of Y only which are determined completely from the constraint of incompressibility, the equilibrium equations and appropriate displacement boundary conditions. The resulting load-deflection relation provides a reasonably accurate representation of experimental behaviour. In practice however, rectangular rubber blocks tend not to be particularly long in one direction and the purpose of this paper is to investigate a possible three-dimensional extension of the solution of Klingbeil and Shield (2) . Accordingly for the Mooney material we adopt a deformation of the form
and now, based on the assumption that the vanishing of pointwise stresses on four free faces can be replaced by the vanishing of two resultant forces, we may deduce yet another force-deflection relation. In this paper we examine the three force-deflection relations arising from the shape-factor method, (2) and the deformation (1.4) and we make a comparison with experimental results. In the next three sections of the paper we give respectively the basic equations for finite deformations of a Mooney material, the solutions for the deformation (1.4) and the approximate analysis leading to the load-deflection relation for compression of rectangular rubber blocks of finite length. In section 5 we give the corresponding linear estimate which we relate to that arising from the shape-factor method and in section 6 we compare the various load-deflection relations with experimental results.
Bask equations for finite elastic deformations of a Mooney material
For fully three-dimensional deformations of the isotropic incompressible perfectly elastic Mooney material the calculations associated with the equilibrium equations are frequently awkward and involved. One approach which minimizes the labour is to exploit the 'reciprocal equations' given by Hill (3, 4) . Such equations utilize both the deformation and its inverse. Thus with material and spatial rectangular cartesian coordinates Z K (K = 1, 2, 3) and z 1 (J = 1, 2, 3) respectively, the deformation and its inverse take the form 
where C, and C 2 are material constants and /, and I 2 are the traces of the matrices c" 1 and c respectively. From either of (3,4) we may readily deduce the reciprocal equations for the deformation (2.1) of a Mooney material,
where V 2 and V? are the Laplacians with respect to material and spatial variables respectively, namely
K â nd p is the pressure function occurring in Finger's stress-strain relations for the Cauchy stress tensor /*, thus
and 6 U is the Kronecker delta. Although, of course, (2.4) involves both the deformation and its inverse, these reciprocal equations are preferable for complicated calculations involving fully three-dimensional deformations because they preserve the inherent symmetry of the equations of finite elasticity under interchanges of material and spatial coordinates. The strategy in utilizing reciprocal equations is to initially exploit both forms of the deformation (2.1) and then, in the final stages of the calculation, use only one of these forms. This process is demonstrated in the following section. We remark that for the neo-Hookean material (C 2 = 0) or for the so-called extreme Mooney material (C x = 0) we need only use one form of the deformation at the outset.
Solutions for compressive deformations
Together with (1.4) we utilize the inverse deformation which takes the form Clearly for the second-order partial derivatives we have q xz = q zx = 0 and on equating expressions for q v and q zy we obtain two equations which can be immediately integrated, thus
where a x and a 2 denote integration constants. On using the incompressibility condition we have
which can be readily integrated again to give
where /3, and /3 2 are further integration constants.
From the above equations it can be shown that the appropriate function q(x, y, z) is given by (3.9) where p 0 is a constant. Altogether, for the pressure function p(x, y, z) we find that
We observe that from (3.8) we have which although yielding the separable equation
in general immediately gives rise to elliptic functions (except in the special case when aJPi = 0-2//3 2 = C 2 IC X ). We further note that if / = h (and «i = ^2> /?i = Pi) then (1.4) is essentially the axially symmetric deformation studied by Klingbeil and Shield (2) in the context of squashing circular pads of rubber and these authors also noted that the particular deformation studied resulted in elliptic functions for the Mooney material. Finally in this section, for the neo-Hookean material (C 2 = 0) we have immediately from
which readily yield simple trigonometric functions as solutions for / and h, while for the extreme Mooney material (d = 0), (3.6) and (3.8) give which again results in simple trigonometric functions, the explicit nature of which depends on the signs of the various integration constants. In the following section we detail such solutions appropriate to the compressing of rectangular pads.
Approximate analysis for compression of finite rectangular blocks
We consider a rectangular rubber block with undeformed dimensions of length 2L, breadth 2B and thickness 2T as indicated in Fig. 2 . We suppose that in the undeformed state the rectangular Cartesian coordinate system (A', Y, Z) has its origin located at the central point of the block and that the faces Y= ±T have bonded rigid metal plates over which there is an applied normal force F resulting in a final thickness 2t. Assuming a deformation of the form (1.4), we require that / and h are even while g is an odd function. In addition we require that
(4.1) We assume that the pointwise zero-stress conditions on the free surfaces Z=±L and X=±B can be approximated by the vanishing of force resultants on these surfaces, and because of the symmetries of /, g and h these become
J-LJ-T J-BJ-T
on surfaces X=±B and Z = ±L respectively. In addition the applied normal force on the metal end-plates is given by
where T$ denotes the first Piola-Kirchhoff stress tensor with components
From the above equations is it not difficult to deduce the expression for the applied force F, namely { ^2^} (4.5)
If we introduce the mid-plane stretches A t and A 2 such that Ai=/(0), A 2 = *(0), (4.6) then using the fact that /'(0) and h'(0) are zero we see that /3, = -a x k\, 02= -tt 2 A| an d equation (3.8) becomes
In principle for a given applied force F the five conditions (4.1)!, (4.1) 3 , (4.2)i, (4.2) 2 and (4.3) constitute five equations for the determination of the five unknown constants a^, a 2 , A^ A 2 and p 0 from which a theoretical value for the new thickness 2/ can be predicted. In the remainder of this section we consider the neo-Hookean material for which solutions of (4.7) can be given explicitly, and numerical results for this material are given in section 6. If C 2 = 0 then it can be shown that the appropriate solutions of (4.7) are These results are displayed numerically in section 6. Finally in this section we note that similar formulae can also be deduced for the extreme Mooney material (C t = 0). However since this strain-energy function has no real physical basis we do not give these results here.
linear estimate and the shape-factor method
For small compression we define the applied strain e = (T -t)/T and we suppose that the deformation and stresses can be expanded in powers of e so that consistently neglecting e 2 and higher powers gives the usual linear theory of elasticity. Thus for the deformation we have 
Now, from (4.3) and (5.3) 2) we have
which, on using the above equations, simplifies to give
where E is the linear Young's modulus, that is
We observe that in the limit as L tends to infinity (5.9) agrees with the expression given by Klingbeil and Shield (2) resulting from their planestrain analysis for long rubber blocks. Lindley (5) and Gent and Meinecke (6) propose shape-factor methods for the compression of rectangular rubber blocks which utilize equations (1.1) and (1.2). For a compression of magnitude 6 we have 6 = 27 -2t = 2Te,
where e = (T -t)/T is the applied strain. Now the shape factor as defined by (1.1) at a compression of magnitude 6 is 'approximately'
where SQ is the original shape factor of the rectangular rubber block. Now the shape-factor methods for rectangular blocks with B =£ L are based on assuming that the apparent Young's modulus E a in (1.2) takes the form
where E is the linear Young's modulus, C is a constant given by _ 4 B and E h is known as the 'homogeneous' compression modulus. Lindley (5) proposes the expression while Gent and Meinecke (6) suggest an alternative expression:
We observe that both expressions yield the linear Young's modulus if B = L while both predict the plane strain limit 4E/3 for L tending to infinity. Now from (1.2) we have dF _ ABLE. dd~(2T-6)' (517) and thus from (5.11) to (5.13) we may deduce that Hence, on integration with respect to e and using the fact that the applied strain e is zero when F is zero, we obtain £ f 1
} (519)
For small applied strains this gives 
Experimental and numerical results
We first compare numerical values of the applied force for the finite model for the neo-Hookean material with the plane-strain approximation given by Klingbeil and Shield (2). Table 1 gives numerical values of F for six blocks each of thickness 10 cm, breadth 20 cm and lengths ranging from 30 cm to 960 cm and a shear modulus /i = 0-064 kN/cm 2 . Interestingly enough the three-dimensional deformation produces results which tend to those of Klingbeil and Shield (2) as the length of the block tends to infinity. Although this is a highly desirable feature it is not altogether obvious why this should happen because the finite model has an additional constraint (namely (4.2) 2 ) over the end-faces of the block. No such constraint exists for the Klingbeil and Shield (2) model and the authors are not entirely clear why (4.2) 2 becomes redundant as 2L tends to infinity. For the neo-Hookean material, the length L tending to infinity corresponds to the constant k 2 tending to zero and formally the two conditions (4.12) are compatible because the product k 2 L remains finite. In the limit as L tends to infinity and k 2 tends to zero, (4.12) gives and these two equations together fix the product k 2 L. However, (6.1)i is the condition used by Klingbeil and Shield (2) and since the quantity on the left-hand side of this equation also appears in the expression (4.12) 3 for the applied force F, we have at least some explanation why the numerical results of Table 1 coincide for long blocks. In order to make an objective assessment of the various force-deflection relations for the compression of rectangular blocks we need to prescribe the linear shear modulus fi or Young's modulus E (E = 3fi). In this regard, we can either adopt the strategy that for each force-deflection relation £ is a variable parameter of the model determined from linear experimental data, in which case we obtain a different value for each theory, or we can independently measure the hardness of the rubber block and obtain the shear or Young's modulus from tables. For our own experimental results we adopt both points of view and give two sets of graphs. In our analysis of the experimental results of Gent and Lindley (1) we adopt the former approach. The shear modulus of rubber is related to its hardness and there are various hardness systems including International Rubber Hardness Degrees (IRHD), Shore and British Standard Hardness. In our experiments the hardness of the rubber blocks was measured using a Shore durometer (model A) which actually gives values which are almost the same as those from the IRHD system. Various authors provide information which relates hardness to shear modulus (see for example Lindley (7), Payne and Scott (8) , Gdbel (9) and Table 2 ).
The data provided by Lindley (7) results from experiments on natural rubber springs with hardness above 48 IRHD and measured at low shear strain. Lindley (7) maintains that hardness measurements are subject to some uncertainty and states that there should be ±2 degrees tolerance in hardness in Table 2 . Payne and Scott (8) claim that their data form an ideal relationship and that a difference of 1 degree in hardness corresponds to approximately 4-5 per cent difference in modulus. G6bel (9) does not give any details about his data and the British Standard data (BS5400) is based on shear strains ranging from 5 to 25 per cent.
Before proceeding to our own experimental work we first compare our results with existing experimental results of Gent and Lindley (1) . Table 3 gives experimental values of F/4BL for four square blocks of varying shape factor SQ. The experimental values are obtained from (magnified) graphical results and accordingly while they are not completely precise they are nevertheless reasonably accurate. The values of the Young's modulus used in the table are obtained from the initial linear portion of the curves given in (1) and the formulae Table 3 are given in Table 4 and result from the given experimental results in Table 3 at 10 per cent strain. For the finite model, results for only the neo-Hookean material are given. It is apparent from the table that the full three-dimensional approximation presented here is considerably superior to the KUngbeil and Shield (2) model but bear in mind the latter model is at its worst for the square block. We also observe from the table that the shape-factor estimate appears to provide a consistently good approximation. In order to obtain a more objective assessment of the situation we Sandpaper was used to simulate a bonded rubber block and the area of contact between the rubber and the compressing metal plates remained substantially constant. The force measurements were displayed digitally and the deflection was read from four dial gauges situated at the corners of the compressing metal plates. The average of these four readings was taken as the deflection which took place. The Young's modulus used in the theoretical curves of Figs 3(a), 4(a), 5(a) and 6(a) are obtained from the initial linear portion of the experimental curves. Table 5 gives the values of the Young's modulus obtained in this manner and also the value of the Young's modulus obtained by measuring the hardness of the rubber and using Table 2 . For the Klingbeil and Shield approximation and the present estimate the Young's modulus in Table 5 arising from the hardness test is that obtained from Lindley (7) while the value given in Table 5 for the shape-factor approximation is that obtained using British Standard data which is generally used in conjunction with this estimate. From Figs 3(a) , 4(a), 5(a) and 6(a) it is apparent that although the finite model is an improvement on the Klingbeil and Shield estimate, the shape-factor approximation appears to be superior to both. However, if we adopt the alternative strategy and assign each theory the value of E, obtained from the hardness test, then 
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Conclusion
In modelling the compression of rectangular rubber blocks, we have utilized a three-dimensional deformation for the isotropic incompressible perfectly elastic Mooney material, to generate an approximate solution of the problem, for which the pointwise vanishing of the stress on free surfaces is approximated by the vanishing of force resultants over the surface. This new approximation appears to be a substantial improvement on a similar approximation due to Klingbeil and Shield (2) which is strictly only valid for extremely long rubber blocks. Moreover we have compared the* new load-deflection relation with new experimental data and with results arising from the shape-factor approximation which is commonly used in engineering. Our work tends to indicate that if the shape-factor approximation is used in conjunction with a value of the Young's modulus obtained from the linear experimental data then this generates a consistently good estimate. However, our work also indicates that the finite model presented here also provides a reasonably accurate approximation irrespective of whether the Young's modulus is determined from the linear experimental data or from a hardness test. The related problem of combined compression and torsion of circular cylindrical bonded rubber mounts is examined in a companion paper (10).
